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Abstract
We introduce a formal sentence noted ½P ¼ NP F (the ‘‘exotic deﬁnition’’) that is
intuitively equivalent to P ¼ NP ; however P ¼ NP and ½P ¼ NP F may not be equivalent
in ZFC for some choices of F. Again for some F we show that ½P ¼ NP F is consistent
with ZFC, and so is the equivalence ½P ¼ NP F $ ½P ¼ NP . We ﬁnally derive a consistency result for P ¼ NP itself.
Ó 2003 Elsevier Inc. All rights reserved.

1. Introduction
Suppose that we are given the following prescription for the computation
of a function F :
For each natural number n we are given a ﬁnite set of numbers Sn . Then
the value F ðnÞ ¼ max Sn þ 1. If there is also a recipe for the computation
of the elements of Sn , for each n, then we can intuitively conclude that F
is computable and total, that is, we have a program that computes F for
each and every natural number n.
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F is intuitively total and recursive, once each Sn is recursive, but (depending
on the axiomatic framework and on the choice of Sn ) we will not be able to
prove that F is total; see Deﬁnition 3.1 in this paper.
Let us put that diﬃculty aside for a moment. Consider the following:
A time-polynomial Turing machine (a poly-machine) is a Turing machine
that on any binarily coded input x produces an output after less than t
operation cycles, where t is bounded by a polynomial function of the
length of x.
One should notice that here any positive-deﬁnite polynomial will do, beyond
a ﬁxed minimum degree and constant term for each poly-machine [10].
Now, let us combine both ideas: if jxj is the length of the input x, then,
if polynomial pðjxjÞ bounds the operation time of machine M, for a strictly
increasing function f so that fðnÞ > n, pðfðjxjÞÞ will also bound it.
What will happen if we take f ¼ F, for an F as a function like those F
described in the quoted paragraph above and speciﬁed in Deﬁnition 3.1? The
point is: formal systems like Peano Arithmetic (PA) or Zermelo–Fraenkel set
theory (ZFC, as we add the Axiom of Choice) cannot ‘‘see’’ whether functions
like F are total or not beyond a certain growth rate; F0 marks the external
boundary for PA, and F the same for ZFC [9,12].
There are several philosophical questions to be dealt with here, as functions
like F0 and F are intuitively total––after all, these functions arise as the
function sketched at the beginning––but we will ignore them. We will only be
F
interested in the behavior of a ZFC sentence abbreviated ½P ¼ NP  that––
again––intuitively translates as P ¼ NP , but that has a non-trivial behavior
with respect to ZFC as we use that ZFC-boundary-function F to deﬁne the
polynomial bound for poly-machines.
That sentence ½P ¼ NP F , the ‘‘exotic’’ formulation, is easily seen to be
consistent with ZFC, and from it we can derive a consistency result for P ¼ NP
itself.

2. Preliminary concepts and deﬁnitions
For ‘‘intuitive’’, ‘‘informal mathematics’’ we mean mathematics as in the
everyday practice of a professional mathematician, without any reference to
some kind of axiomatic background; ‘‘formal mathematics’’, ‘‘formalization’’,
refer to some axiomatic system, which is here taken to be Zermelo–Fraenkel set
theory with the Axiom of Choice (ZFC), and some of its extensions which are
speciﬁed in loco.
This introductory section goes from the intuitive to the formal, and compares our exotic formulation for P ¼ NP , noted ½P ¼ NP F , to the standard one.
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Our blueprint is the Satisﬁability Problem for Boolean expressions in conjunctive normal form (cnf); for a review of it see [10].
SAT is the set (adequately coded through binary words) of all satisﬁable
Boolean expressions in cnf. If x is the set of all positive integers, SAT x is a
primitive recursive subset. Thus we can code SAT by x through a primitive
recursive coding, which is supposed here.
2.1. P ¼ NP , a ﬁrst approach
We can informally state the P ¼ NP hypothesis as:
There is a time-polynomial Turing machine Mm that correctly ‘‘guesses’’ a
satisfying line of truth-values for every input x 2 SAT.
The sketchy, preliminary formulation above can be made more rigorous
in several ways. For example:
Deﬁnition 2.1 (Standard formulation for P ¼ NP , intuitive version). There is a
Turing machine Mm of G€
odel number m, and there are positive integers a; b so
that for every x 2 SAT, the output Mm ðxÞ is a satisfying line for x, and the
number of cycles of Mm over x, tm ðxÞ 6 jxja þ b.
Within ZFC:
Deﬁnition 2.2 (Standard formalization for P ¼ NP ).
a

½P ¼ NP  $Def 9m; a; b 2 x8x 2 x½ðtm ðxÞ 6 jxj þ bÞ ^ Rðx; mÞ:
(Rðx; yÞ is a polynomial predicate; it subsumes a kind of ‘‘verifying machine’’
that checks whether or not x is satisﬁed by the output of Turing machine m.)
Deﬁnition 2.3. ½P < NP  $Def :½P ¼ NP :
2.2. Formulations for P < NP through P02 sentences
Convention 2.4. ½P < NP  is a P02 sentence. We will only consider alternative
formulations for P < NP that are framed as P02 sentences.
2.3. An exotic formalization, I
We have dubbed ‘‘exotic’’ the formalization in Deﬁnition 2.6 as a reminder
of MilnorÕs exotic spheres: they have the same topology, but exhibit nonequivalent diﬀerentiable structures. Here we have an intuitive equivalence between the exotic, or better, the inﬁnitely many possible exotic formalizations,

658

N.C.A. da Costa, F.A. Doria / Appl. Math. Comput. 145 (2003) 655–665

and the standard formalization that however does not hold in certain axiomatic systems.
Let f be a 1-variable, strictly increasing, total recursive function:
Deﬁnition 2.5 (An exotic formulation, intuitive version). There is a Turing
machine Mm of G€
odel number m, and there are positive integers a; b so that
for every x 2 SAT, the output Mm ðxÞ is a satisfying line for x, and the number
fðaÞ
of cycles of Mm over x, tm ðxÞ 6 jxj þ fðbÞ.
Follows, for ZFC:
Deﬁnition 2.6 (An exotic formalization for P ¼ NP , rigorous version).
½P ¼ NP f $Def 9m; a; b 2 x8x 2 x½ðtm ðxÞ 6 jxjfðaÞ þ fðbÞÞ ^ Rðx; mÞ:
Rðx; yÞ is the polynomial predicate described above.
(However see subsection ‘‘An exotic formalization, II’’.) Informally one
easily sees:
Proposition 2.7. If f is total and strictly increasing, ½P ¼ NP f $ ½P ¼ NP .
Proof (informal).
[)] It is enough to consider the bounding term: there are a; b 2 x so that
½tm ðxÞ 6 jxjfðaÞ þ fðbÞ. As f is total, we have that for any a; b, there are
0
fðaÞ ¼ a0 ; fðbÞ ¼ b0 . Thus the bounding term becomes ½tm ðxÞ 6 jxja þ b0 .
0
a
[(] There are a0 ; b0 2 x so that ½tm ðxÞ 6 jxj þ b0 . Since f is strictly increasing,
there are a; b 2 x so that a0 6 fðaÞ; b0 6 fðbÞ. Therefore there exist a; b 2 x
fðaÞ
such that ½tm ðxÞ 6 jxj þ fðbÞ. 
Compare Proposition 2.7 to Propositions 4.7 and 4.9. For Deﬁnition 2.6: see
below Deﬁnition 2.14.
2.4. Notation convention
Convention 2.8. From here on we agree that all quantiﬁed variables range over
the whole of x unless speciﬁcally noted. Also Qa; b; . . . (for Q ¼ 8 or Q ¼ 9)
means Qa 2 xQb 2 x . . .
2.5. An exotic formalization, II
Now let f be in general a (possibly partial) recursive function, and let ef be
the G€
odel number of an algorithm that computes f.
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Let pðhef ; b; ci; x1 ; x2 ; . . . ; xk Þ be an universal Diophantine polynomial with
parameters ef ; b; c; for convenience we may take p to be positive deﬁnite. Deﬁne
the predicates:
Deﬁnition 2.9. Mf ðx; yÞ $Def 9x1 ; . . . ; xk ½pðhef ; x; yi; x1 ; . . . ; xk Þ ¼ 0:
Remark 2.10. Actually Mf ðx; yÞ stands for Mef ðx; yÞ, or better, Mðef ; x; yÞ; for
dependence is on the G€
odel number ef . Mf ðx; yÞ in Deﬁnition 2.9 means: x input
to f produces an output y if and only if Diophantine equation
pðhef ; x; yi; x1 ; . . . ; xk Þ ¼ 0
has solutions. So the predicate is well-deﬁned even if f is a partial function.
Deﬁnition 2.11. :Qðm; hc; di; xÞ $Def ½ðtm ðxÞ 6 jxjc þ dÞ ! :Rðx; mÞ.
The primitive recursive predicate :Q in Deﬁnition 2.11 is actually dependent
on a and b. However to simplify things we may substitute the pair by a single
a
variable a, that is, we may consider a bounding term of the form jxj þ a. We
can also handle the two-variable term through the usual 1–1 pairing function
h. . .i : x  x ! x.
Deﬁnition 2.12 (Another version of the standard formalization). ½P < NP  $Def
8m; a 2 x9x 2 x:Qðm; a; xÞ.
Here a stands for hb; ci. From Deﬁnition 2.12:
Deﬁnition 2.13. ½P ¼ NP  $Def :½P < NP .
From Deﬁnition 2.9:
Deﬁnition 2.14. :Qf ðm; a; xÞ $Def 9a0 ½Mf ða; a0 Þ ^ :Qðm; a0 ; xÞ.
Deﬁnition 2.15 (Another version of the exotic formalization). ½P < NP f $Def
8m; a9x:Qf ðm; a; xÞ.
Remark 2.16. Notice that this is still a P02 sentence:
8m; a9x; a0 ; x1 ; . . . ; xk f½pðhef ; a; a0 i; . . . ; x1 ; . . . ; xk Þ ¼ 0 ^ :Qðm; a0 ; xÞg:
Since we decided to keep ½P < NP f a P02 sentence, this requirement leads
to Deﬁnition 2.14.
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Deﬁnition 2.17. ½P ¼ NP  $Def :½P < NP  .
Remark 2.18. For the universal polynomial pðhef ; a; bi; x1 ; x2 ; . . . ; xk Þ, if ef is the
G€
odel number of a Turing machine that computes f:
1. ½f is total $Def 8a9b; x1 ; . . . ; xk ½pðhef ; a; bi; x1 ; . . . ; xk Þ ¼ 0.
2. ½f is total $ 8a9bMf ða; bÞ.
3. If 8a 9bMf ða; bÞ then:
(a) fðaÞ ¼Def lb Mf ða; bÞ.
(b) 8aMf ða; fðaÞÞ.
We will also eventually write :Qðm; fðaÞ; xÞ for :Qf ðm; a; xÞ, whenever assumption 3. in Remark 2.18 holds. One should always keep in mind that actual
dependence is on ef , and not on f; see Remark 2.10.
3. Function F, [P < NP]F and [P < NP]
See Section 1 for comments on the following:
Deﬁnition 3.1. For each n, FðnÞ is the sup of those fegðkÞ such that:
1. k 6 n.
2. dPrZFC ðd8x9zT ðe; x; zÞeÞe 6 n. That is, there is a proof of [feg is total] in ZFC
whose G€
odel number is 6 n. (For sentence /, d/e is its G€
odel number; T is
KleeneÕs predicate [8].)
Proposition 3.2. We can explicitly compute a G€odel number eF so that feF g ¼ F.
Given Remark 2.18 (formalization of [f is total]) and Deﬁnition 3.1 (for F):
Proposition 3.3. [F is total] is not proved by ZFC, supposed consistent.
Deﬁnition 3.4. ½P < NP F $Def 8m, a9x:QF ðm; a; xÞ.
3.1. Main theorems
Lemma 3.5. If I  x is infinite and 0 2 I, then:
ZFC ‘ f½8m 8a 2 I9x:Qðm; a; xÞ ! ½8m 8a 2 x9x:Qðm; a; xÞg:
Proof. We can prove the following:
ZFC ‘ f½8m 8a 2 I9x:Qðm; a; xÞ ! ½8m 8a 2 I8a0 P a9x:Qðm; a0 ; xÞg:
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The two conditions ‘‘for all a 2 I’’ and ‘‘for all a0 P a’’ can be substituted for
‘‘for all a 2 x’’. 
This is the ‘‘size of bounds does not matter’’ result.
Proposition 3.6. ZFC ‘ ½P < NP F $ f½F is total ^ ½P < NP g.
Proof
½(. Suppose that ½P < NP  ^ ½F is total holds.
1. 8a9a0 MF ða; a0 Þ.
2. 8m 8b9x:Qðm; b; xÞ.
3. By restriction to ImðFÞ in 2.,
8m 8b 2 ImðFÞ9x:Qðm; b; xÞ:
4. For b ¼ FðaÞ due to step 1 above and Remark 2.18:
8m 8a 2 DomðFÞ9x:Qðm; FðaÞ; xÞ:
5. Then, 8m 8a9x:QF ðm; a; xÞ.
F
6. That is, ½P < NP  .
F
½). Now suppose that ½P < NP  holds:
1. That is, 8m 8a9x:QF ðm; a; xÞ.
2. We get that 8a9a0 ; MF ða; a0 Þ. (See below Scholium 3.7.)
3. Then for b ¼ FðaÞ, into 1, we get: 8m 8b 2 ImðFÞ9x:Qðm; b; xÞ.
4. This is equivalent to ½P < NP .
(See Lemma 3.5. This has an intuitive meaning: the size of the gaps in
the polynomial bounds is irrelevant; the only point is that all possible
polynomial bounds ﬁt into the prescribed bounds.)
5. From 2 and 4 we ﬁnally get: ½P < NP  ^ ½F is total. 
F

Scholium 3.7. ZFC ‘ ½P < NP  ! ½F is total.
Remark 3.8. The following informal argument clariﬁes the scholium. Let:
f F ðhm; aiÞ ¼ lx ½:Qðm; FðaÞ; xÞ;
where we can here look at F as a (partial) recursive function. (The brackets h. . . ; . . .i note the usual 1–1 pairing function.) Now if f F is total,
then FðaÞ has to be deﬁned for all values of the argument a, that is, F
must be total; the function f F is the so-called counterexample function to
½P ¼ NP F .
Proof of the scholium. Immediate, from 9b½MF ða; bÞ ^ :Qðm; b; xÞ.
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Remark 3.9. Proposition 3.6 was originally stated for PA and for F0 ; it also
F
dealt with a very diﬀerent, restricted ½P < NP  0 . For comments about it in its
original form see [3].
F

Corollary 3.10. ZFC ‘ ½P ¼ NP  $ f½F is total ! ½P ¼ NP g.
Proof. From Proposition 3.6.



4. Main results
The next result was stated and given a very diﬀerent, direct and constructive
proof in a May, 2000 talk [2]; the earlier proof will appear in [1]. For the
present proof see [4].
F

Proposition 4.1. If ZFC is consistent, then ZFC does not prove ½P < NP  .
Proof
1. Suppose ZFC ‘ ½P < NP F .
F
2. We have that ZFC ‘ ½ðP < NP Þ ! ðF is totalÞ. (Scholium 3.7.)
3. Follows that ZFC ‘ ðF is totalÞ, which is impossible. (From Proposition
3.3.) 

F

Corollary 4.2. ½P ¼ NP  is consistent with ZFC.
Lemma 4.3. ZFC ‘ ½F is total $ ½ZFC is R1  sound.
Proof. Follows from the formal deﬁnition of R1 -soundness and the construction of F; see [5,6,11]. 
Proposition 4.4. If ZFC is consistent then:
F

ZFC þ ½P ¼ NP  þ ½ZFC is R1  sound
is consistent.
F

Proof (informal). If ZFC and therefore ZFC þ ½P ¼ NP  , are consistent, then
f
so is ZFC þ ½P ¼ NP  þ ½ZFC is R1 -sound, as we can add a reﬂection prinF
ciple to ZFC þ ½P ¼ NP  ; see [6,13]. 
Proposition 4.5. If ZFC þ ½ZFC is R1  sound þ ½P ¼ NP F is consistent, then
½P ¼ NP  is consistent with ZFC.
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Proof
1. Suppose that ZFC is consistent.
2. From Corollary 4.2, theory fZFC þ ½P ¼ NP F g is consistent.
3. ZFC, ½P ¼ NP F ‘ ½P ¼ NP F .
4. ZFC, ½P ¼ NP F ‘ ½F is total ! ½P ¼ NP . (Corollary 3.10.)
F
5. ZFC, ½P ¼ NP  ; ½F is total ‘ ½P  NP .
F

That is, ½P ¼ NP  is derived from theory ZFC þ ½F is total þ ½P ¼ NP  . Or,
F
ZFC þ ½ZFC is R1 -sound together with hypothesis ½P ¼ NP  implies
½P ¼ NP . So, ½P ¼ NP  is consistent with ZFC, supposed consistent. 
Corollary 4.6. If ZFC is consistent, then so is ZFC þ ½P ¼ NP .
4.1. More consequences
Proposition 4.7
F
1. ZFC þ ½ZFC is R1 -sound ‘ ½P < NP  $ ½P < NP  .
F
2. ZFC þ ½ZFC is R1 -sound ‘ ½P ¼ NP  $ ½P ¼ NP  .

F

Proof. First, one has that ZFC ‘ ½P < NP  ! ½P < NP . (From Proposition
3.6; see Scholium 3.7.)
For the other implication:
1. ZFC ‘ ð½F is total ^ ½P < NP Þ ! ½P < NP F . (From Proposition 3.6.)
2. ZFC ‘ ½F is total ! ð½P < NP  ! ½P < NP F Þ.
3. ZFC; ½F is total ‘ ½P < NP  ! ½P < NP F . 

Corollary 4.8. ½P < NP  $ ½P < NP F is consistent with ZFC, supposed consistent.
We can improve on Proposition 4.7 and Corollary 4.8; we give the argument
in detail since it is of interest––how much do we actually need to establish the
equivalence? The present proof is straightforward. However notice that it is not
required for Corollary 4.6 although it provides an alternative route to it;
Proposition 4.9 only tells us how much we have to add to ZFC in order to
establish an equivalence between ½P ¼ NP F and ½P ¼ NP .
Proposition 4.9. For some a0 ; b0 2 x so that MF ða0 ; b0 Þ holds, then:
½ZFC þ MF ða0 ; b0 Þ ‘ ½P < NP F $ ½P < NP :
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Proof. From Proposition 3.6 we have that: ½P < NP  ! ½P < NP . For the
F
converse, we will prove ½P ¼ NP  ! ½P ¼ NP . As before the argument has the
form ZFC; A ‘ B if and only if ZFC ‘ A ! B.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.

½P ¼ NP F .
That is, 9m; a8x; c½MF ða; cÞ ! Qðm; c; xÞ.
Add m0 ; a0 so that: 8x; c½MF ða0 ; cÞ ! Qðm0 ; c; xÞ.
Particularized: 8x½MF ða0 ; bÞ ! Qðm0 ; b; xÞ.
From step 4 we get ½ð8xMF ða0 ; bÞÞ ! 8xQðm0 ; b; xÞ.
That is, ½MF ða0 ; bÞ ! 8xQðm0 ; b; xÞ, or ½MF ða0 ; b0 Þ ! 8xQðm0 ; b0 ; xÞ, for
notational convenience.
Leads to ZFC; MF ða0 ; b0 Þ ‘ 8xQðm0 ; b0 ; xÞ.
Now impose that MF ða0 ; b0 Þ holds. From theory ZFC þ MF ða0 ; b0 Þ we
deduce 8xQðm0 ; b0 ; xÞ.
We then derive 9m; b8xQðm; b; xÞ.
This is ½P ¼ NP .
F
That is, we have proved within ZFC þ MF ða0 ; b0 Þ that ½P ¼ NP  !
½P ¼ NP . 

Notice that theory ZFC þ MF ða0 ; b0 Þ is consistent once ZFC þ ½F is total
is consistent. However, if ZFC is consistent, then ZFC þ :ðF is totalÞþ
MF ða0 ; b0 Þ is also consistent. That is to say, our requirement to establish
Proposition 4.9 is a very weak one, since the condition we have to add to ZFC
in order to derive it is consistent with either [F is total] or with :½F is total. (Cf.
Proposition 4.9 to Proposition 2.7.)
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